Abstract. We combine the methods of and Maynard -Tao [9] to study bounded gaps between product of two primes in imaginary quadratic fields of class number one. In particular, we show that for −7, −11, −19, −43, −67 and −163, there exist infinitely many pairs α 1 , α 2 which are product of two prime elements in K d such that |σ(α 1 − α 2 )| ≤ 2 for all embeddings σ of K d .
introduction and statement of results
The famously open prime tuple conjecture which asserts the existence of infinitely many primes p such that p + 2 is also a prime, led to many remarkable results in the last two decades. It started with the work of Goldston-Pintz-Yildirim [3] where they showed that lim inf n→∞ p n+1 − p n log p n = 0 if p n denote the n-th prime. The next breakthrough came with Zhang [15] showing lim inf n→∞ (p n+1 − p n ) ≤ 70 × 10 6 .
Subsequently, Maynard [9] followed by Tao and Polymath Project [12] brought this upper bound down to 246. More importantly, the techniques of Maynard and Tao has been used by many mathematicians since then. In [1] and [14] , this method has been extended to obtain bounded gap between primes in number fields and function fields.
Let {q n } n≥1 be the increasing sequence of integers which can be written as exactly two prime numbers. It is shown in [4] that lim inf
We use a combination of the methods of [4] , Maynard [9] and Polymath [12] to explore this question in number fields.
Let K be a number field of degree d, class number one with r 1 real and r 2 non-conjugate complex embeddings and O K be its ring of integers. An element w ∈ O K is said to be a prime in K if the principal ideal wO K is a prime ideal. Let P be the set of prime numbers in K. An algebraic integer α ∈ O K is called G K 2 -number if it can be written as product of two elements from P, and such a product is necessarily unique as the class number of the field K is one. An analog of Elliott-Halberstam conjecture for number fields predicts that the inequality (1.1) holds with any ϑ in 0 < ϑ ≤ 1. Hinz [6] showed that primes have level of distribution 1/2 in totally real algebraic number fields and have level of distribution 2/5 in imaginary quadratic fields. Huxley [7] obtained level of distribution 1/2 for an weighted version of (1.1). The G Remark. Method applied in this paper relies on the equality |σ(w)| = |w| 1/2 for each w ∈ O K and embeddings σ : K → C where |w| denoted the norm of w. In general for a number field of degree d > 1, a lemma of Siegel [13] gives the existence of two positive constants c 1 and c 2 depending only on K with c 1 c 2 = 1 and a unit ǫ of K such that the inequalities
holds for all α ∈ O K and all embeddings σ of K. Now c 1 = c 2 = 1 implies that all embeddings give equivalent norms. This is possible only in imaginary quadratic number fields.
Let w K be the number of roots of unity contained in K, h K be the class number, R K be the regulator. We also define
Since this constant appears in the Generalized Prime Number Theorem due to Mitsui [10] (see 2.5), we refer to it as Mitsui's constant. The main result of this paper is as follows. There are infinitely many G
It is easy to see that, Theorem 1.1 is equivalent to the following corollaries. 
with a, b, m, n, a 1 , b 1 , m 1 , n 1 ∈ Z and |h| ≤ 2.
Notation and Preliminary Lemmas
For much of this article, we follow notations used by Hinz [6] and Castillo et.al [1] . We start by extending the definition of A(N) from the first section. For any N > 1, 0 < b ≤ 1 and
Given a non-zero ideal q ⊆ O K , we define analogues of three classical multiplicative functions, namely the norm |q| := |O K /q|, the Euler phi-function ϕ(q) := |(O K /q) × |, and the Möbius function µ(q) := (−1) r if q = p 1 . . . p r for distinct prime ideals p 1 , . . . , p r and µ(q) = 0 otherwise. We use τ k (a) to denote the number of ways of writing a as a product of k factors and ω(q) to denote the number of distinct prime ideals containing q.
The k-tuple (a 1 , . . . , a k ) with a j ∈ O K for all j (1 ≤ j ≤ k) is denoted by a. We use p, w 1 , w 2 to denote prime elements of O K . For any R ∈ R, |a| ≤ R is to be interpreted as k j=1 |a j | ≤ R. The notion of divisibility among k-tuples is defined component-wise, i.e, a|b ⇔ a j |b j ∀1 ≤ j ≤ k. The letters N and R denote real numbers regarded as tending to infinity, and we always assume that R ≤ |A(N)| 1/2 .
For Re(s) > 1, the Dedekind zeta function of K is defined by
where sum is over all non-zero ideals of O K .
Now we note that [1, page 4 ] the number of elements α ∈ A(N) satisfying a congruence condition α ≡ α 0 (mod q) is given by
where
For our purposes, it is convenient to define the following related quantities.
As mentioned in the introduction, we will employ results on the level of distribution for both prime numbers and G 
Hinz [6] showed that, this lemma is unconditional for ϑ ≤ 1/2 for totally real number fields.
For the function β, we define 
From [6] and [2] , it is clear that this lemma is unconditional for ϑ ≤ 2/5 for imaginary quadratic field of class number one.
The following lemma is central to estimate the sums that arise in Selberg's higher dimensional sieve.
Lemma 2.3 (Lemma 2.5, [1] ). Suppose γ is a multiplicative function on the nonzero ideals of O K such that there are constants κ > 0,
and
for any 2 < w ≤ z. Let h be the completely multiplicative function defined on prime ideals by
where c K := Res s=1 ζ K (s) and the singular series
The following lemma is a consequence of Minkowski's lattice point theorem (see [1, page 12] ).
Lemma 2.4. Let A 0 (N) and A(N) are defined as above. We have,
The following theorem a special case of Mitsui's generalized Prime number theorem [10] .
Lemma 2.5. Let P and A 0 (N) are defined as above. We have,
Let σ 1 , . . . , σ r 1 be the real embeddings and σ r 1 +1 , . . . , σ r 1 +r 2 be the non-conjugate complex embeddings of K. A general version of Mitsui's theorem is as follows
Now the integral appearing in Lemma 2.5 is asymptotic to N d / log (N d ), (see [5, Lemma 6] ). Hence the following lemma is a simple consequence of Lemma 2.5.
Lemma 2.7. Let P 0 (N) be defined as above. Then we have,
The following lemma is Dedekind's class number formula.
Lemma 2.8. Let c K , r 1 , r 2 , w K , h K and R K are defined as above. We have,
The following lemma collects standard estimates from algebraic number theory.
Lemma 2.9. Let K be an algebraic number field. For any natural number R, we have
and p∈P |p|≤R 1 |p| ≪ K log log R where first sum is over all non-zero integral ideals of O K whose norm is less than or equal to R.
method
Now we will describe the method of proof which is a combination of methods of [4] and [9] .
We say that a tuple (h 1 , . . . , h k ) ∈ O k K is admissible if it does not cover all residue classes modulo p for any prime ideal p of O K . The main objects of consideration are the sums
where λ d 1 ,...,d k are suitably chosen weights, m := |p|<D 0 p for some D 0 tending slowly to infinity with N, say D 0 = log log log N, and v 0 is a residue class modulo m chosen so that
Since each summand is non-negative, if we can show that S 2 > ρS 1 for some positive ρ, then there must be at least one α ∈ A(N) such that α + h 1 , . . . , α + h k contains atleast
is squarefree, and |d| ≤ R, where R will be chosen later to be a small power of |A(N)|. The main result of this section is the following.
Proposition 3.1. Let K be an imaginary quadratic number field of class number one. Suppose that the primes P and G K 2 -numbers have a common level of distribution 0 < ϑ ≤ 1,
where c K is the residue at s = 1 of ζ K (s), m K = w K is the Mitsui's constant for imaginary quadratic field, Y = (N 2 ) η for 0 < η < ϑ/2, B = 2/ϑ,
The sum S 1 sum has been calculated in [1, Proposition 2.1]. To calculate S 2 sum by squaring innermost sum and interchanging summation from equation (3.1) we can write S 2 as 
Since |f | ≤ 1, we get
We 
Using this we have
. Let w 1 be the inverse of w 1 (mod q/(w 1 )) . Similarly as above
. Now α ∈ A(N) and α = w 1 w 2 . So we separate the above sum with respect to primes w 1 and w 2 . Since |σ(w 1 )| = |w 1 | 1/2 for all embedding σ, we note that w 1 w 2 ∈ A(N) if and only if w 2 ∈ A(N/|w 1 | 1/2 ). Therefore in this case, we have
For each q, the number of ways of choosing a 1 , . . . , a k and b 1 , . . . , b k so that
is at most τ 3k (q). Therefore for each 1 ≤ m ≤ k, from equation (3.2), the sum S 2m can be written as
Using Lemma 2.9, it can seen that the first error term of the above expression of S 2m is bounded above by
Lemma 2.2 gives that the second error term of S 2m is bounded above by λ 2 max |A(N )| (log N ) B for any B > 0. For ideals r 1 , . . . , r k , we define
and y max = sup r 1 ,...,r k |y r 1 ,...,r k |.
We recall the inversion formula from [9, Equation 5 .8] that
.
Therefore λ max ≪ y max (log R) k . This inequality together with Lemma 2.1 gives that the third error term of S 2m is bounded above by
Combining these estimations of error terms we get the following lemma.
Lemma 3.3. Let S 2m be defined as in (3.2) . Then with the hypothesis of Proposition 3.1 we have
We define
The sum S 2m (w 1 ) is estimated in the following lemma.
Lemma 3.4. Let S 2m (w 1 ) be defined as in (3.4) . For ideals r 1 , . . . , r k of O K , we define
where g is the multiplicative function defined by g(p) = |p| − 2 for all prime ideals p of A. Let y 
Proof. From the definition of g it follows that
From equation (3.4) we get,
Note that λ a 1 ,...,a k is supported on ideals a 1 , . . . , a k with (a i , m) = 1 for each i and (a i , a j ) = 1 ∀i = j. Thus we may drop the requirement that m is coprime to each of the [a i , b i ] from the summation, since these terms have no contribution. Thus the only remaining restriction is that (a i , b j ) = 1 ∀i = j. So we can remove this coprimality condition by Möbius inversion to get
. Now we make the following change of variables:
It is clear from the condition in the sum that c m and d m both divides (w 1 ). By using equation (3.5) we can rewrite S 2m (w 1 ) as
In the above sum
, hence s i,j is coprime to m for all i = j. Then either s i,j = 1 or |s i,j | > D 0 . For a fixed i and j, the total contribution from the terms with
From Lemma 2.9 the above quantity is bounded above by
The main term of S 2m (w 1 ) is obtained from s i,j = 1 for all i = j which completes the proof.
The following lemma gives a relation between the quantities y (m) r 1 ,...,r k (w 1 ) and y r 1 ,...,r k .
Proof. Using (3.3), we get
where 1 (w 1 )|rm is the indicator function which takes value 1, if (w 1 ) | r m and 0 otherwise. We see from the support of y r 1 ,...,r k that we may restrict the summation over r j to (r j , m) = 1. Thus either r j = u j or |r j | > D 0 |u j |. Hence for a fixed j = m the total contribution from r j = u j is bounded above by
The main contribution comes from r j = u j ∀j = m. Thus we get,
Now the proof can be completed by noting that
For a real valued piecewise differentiable function F on R k as in Proposition 3.1 we define
Note that, y r 1 ,...,r k is supported on squarefree r = k i=1 r i such that (r, m) = 1. Hence
To use Lemma 2.3 we set
The singular series in Lemma 2.3 is easily computed to be
and also L ≪ log log R. Thus we get
Therefore by Lemma 2.3, we get
Putting S ′ 1 and S ′ 2 together, we get
The following lemma gives an asymptotic formula for S 2m .
Lemma 3.6. Let S 2m be defined as in (3.2) . Assuming hypothesis of Proposition 3.1 we have,
Proof. Using the value of y (m) u 1 ,...,u k (w 1 ) from Lemma 3.5 we get,
Using Y := (Y ′ ) 2 and the above equation in Lemma 3.3, we have
Using Lemma 2.7 we can say that π
Using this the main term of
Estimation of S 4 and S 5 . To calculate innermost sum of both S 4 and S 5 we have to again use Lemma 2.3 with
The singular series can be easily computed to be S =
and also L ≪ log D 0 . Now the innermost sum of S 4 can be written as
We note that, two ideals a and b with (a, m) = (b, m) = 1 but (a, b) = 1 must have a common prime factor with norm greater than D 0 . Thus we can drop the requirement that (u i , u j ) = 1, at the cost of an error of size
Thus we are left to evaluate the following parts of the main terms of S 4 and S 5 respectively
Therefore using Lemma 2.3 we have,
We note that the integral I (m) 2k (F ) is independent of prime element w 1 of O K . Using the estimations of the sums S 4 and S 5 the term S 2m becomes
Finally we have to calculate the following sums , B ′ = log(N 2 ) log R .
Second intergral S 9 giving error term of S 7 can be estimated as S 9 ≪ (log R) −1 .
Since R = (N 2 ) ϑ/2 (log(N 2 )) −C we observe that
Therefore combining these estimations we have
V (m) (y) 2 dy + O log log N log N .
By using the same method we have, Therefore the proposition follows from Lemma 3.6.
proof of theorem
To prove the theorem stated in Section 1 we need following lemmas . where S 2 and S 1 are defined as in Proposition 3.1. Note that here we will choose F (t 1 , . . . , t k ) as polynomials which are symmetric functions of t 1 , . . . , t k . By Proposition 3.1, we see that 
3k (F ) − ρ I 1k (F ).
For Theorem 1.1 we take, ρ = 1, η = 1/250, k = 2, ϑ = 2/5, F (t 1 , t 2 ) = (1 − F 1 (t 1 , t 2 )) + F 2 (t 1 , t 2 ), where F 1 (t 1 , t 2 ) = t 1 + t 2 and F 2 (t 1 , t 2 ) = t We know that the number of roots of unity in imaginary quadratic field is 2, 4 or 6. So Mitsui's constant in imaginary quadratic field is 2, 4 or 6. Therefore we have, I > 0. Hence, Theorem 1.1 follows from Lemma 4.1 and Lemma 4.2.
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